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Integrable open-boundary condition for the g-deformed Essler-Korepin-Schoutens extended Hub- 
bard model of strongly correlated electrons, are studied in the framework of the boundary quantum 
inverse scattering method. Diagonal boundary K -matrices are found, and nine classes of integrable 
boundary terms are determined. 
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One-dimensional strongly correlated electron systems with boundaries are of great importance because of their 
promising role in theoretical condensed matter physics and possibly in high-T c superconductivity Boundary 
conditions and nontrivial boundary interactions for such systems, which are compatible with integrability in the bulk, 
are constructed from solutions of the graded reflection equations p|, and have attracted much attention recently 
in connection with physical problems like X-ray edge singularities [gj, orthogonalities catastrophy Q and tunneling 
through constrictions Q in quantum wires. In particular, open boundaries and boundary fields for the Hubbard-like 
models |^-^] and for the supersymmetric t — J model |l(] [l^] have been studied in connection with this. The results 
of the present letter may well have interesting applications to these problems. 

In this letter, we shall construct the open-boundary conditions for the q-deformed Essler-Korepin-Schoutens ex- 
tended Hubbard model (EKS model) |lj] which preserve the integrability of the model. This is achieved by solving 
the graded reflection equations for the diagonal boundary X-matrices. 

Let Cj tlJ and a denote fermionic creation and annihilation operators for spin a at site j, which satisfy the anti- 
commutation relations {cJ CT , Cj, T } = ^ij^ar, where i,j = 1, 2, • • ■ , L and a, r =f, j. We consider the open-boundary 
q-deformed EKS model with Hamiltonian of the form: 

L-l 

H = J2 H Z+i + i^ oundary + # r b t oundary , (1) 
i=i 

where ff onn aT y (H r ° na ary ) stand for left (right) boundary terms whose explicit forms are spelled out below, and 
Hj j +1 is the bulk Hamiltonian density of the g-deformed EKS model: 

OL 

+c h c n c j+ 1 -l c j+i,-\ + c j+i,-[ c j+i,i c ji c j1 - St^j+i ~ Sj 
-? _1 (( n iT - n iif + n 3+iA n i+i,i ~ %T n i+u) 

-?(( n j+i,T - "i+u) 2 + n j] n 3l ~ %+i,T^'i)> ( 2 ) 

where q is a free parameter, rij = rij^ + Tij4 with n^ a = Cj a Cj^ a being the density operator for the fermion of species a 
at site j, and S' + =c|c|,S' _ =c|c|. We omit the details of calculating the above Hamiltonian, but remark that the four 
states of the vector irrep of the quantum algebra underlying the model, U q [gl(2\2)], are identified with the electronic 
states 

|o), IT) = 410), |i> = cJ|o>, |T, I) = 4410). (3) 

The model defined by (g) is U q [gl(2\2)] supersymmetric and is exactly solvable on the one-dimensional periodic 
lattice. This is because the local Hamiltonian H®j +1 is actually derived through the QISM using a J7 g [gZ(2|2)] 
invariant i?-matrix. To show this, we denote the generators of U q [gl(2\2)] by E£, fx, v = 1,2,3,4 with grading 
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[|1)] = [|2)] = 0, [|3}] = [|4)] = 1. In a typical 4-dimensional representation V(A) of U q [gl(2\2)], the highest weight 
is A = (1, 0|0, 0) . Let {|x}}* =1 denote an orthonormal basis with |1), |2) even (bosonic) and |3), |4) odd (fermionic). 
Then the simple generators {Ej} — eij(i,j = 1,2,3,4) are 4x4 supermatrices. Associated with U q {gl{2\2)) there is 
a graded coproduct structure A : U q [gl{2\2)] —> U q [gl(2\2)] <g> U q [gl{2\2)) given by 

A(££) = I®£7£ + ££®I, M =l,2,3,4, 

A(S 2 1 ) = E\ ® q i( E l- E '^ + q -h(E\-El) ^ A{E 2^ = E 2 ^ q ±(E\-El) + q -\{E\-E%) ^ ^ 



A(E 2 3 ) = El ® q^ E l+ E l) + q-^El+El) ® ^ A(£ 3) = ^3 ^ g ±(£ 2 2 +i^) + q -±(El+El) ^ £ 3 



2 ! 



A(Ef) = E 3 4 ® g *(^ 4 -^) + q -i(Ei-El) g, £ 3 ; A(jB 4 } = £,4 g i(B*-Bf) + ^-i^-isf) £|. 



(4) 



Under the coproduct action the graded tensor product V ®V is also a J7,j[(^(2|2)] module which reduces completely: 
V(A) ® F(A) = F(Ai) © V(A 2 ), where V(Ai) and V(A 2 ) are 8-dimensional modules. Associated with each 8- 
dimcnsional representation, there is a l/ g [g/(2|2)]-invariant i?-matrix which satisfies the graded Yang-Baxter equation. 
The i?-matrix is given by 



R(u) = A + 



n u+2 



q u — q z 



(5) 



where P a : P a [V(A) ® V(A)} = V(A a ), a = 1,2, are two projection operators which may be constructed as 



k=l 



Here|^), a 



1,2, k 



1, 2, • • • , 8 are basis vectors for V(A a ). Throughout this letter, 
(n\ = (\nrf, {\x)®\y)? = (-l)™ v Hy\®(x\ 



(6) 



(7) 



with [|x)] = for even (bosonic) |x), and [|x)] = 1 for odd (fermionic) |x). The basis vectors I^J,}, k = 1, 2, 

are chosen as 



*1> = |1>®|1>, \H) = \2)®\2), 

'' (qi\i-l)®\l) + q--*\l) 



*?> 
*?> 



1 

1 



(gi|t-3)(8i|2) + g-3|2> 



|i-3», 



i = 3,4,5, 
» = 6,7, 



(?'|4)®|3)-g-3|3>®|4», 



—J==(qh\3) ® |4) + g-*|4) (g) |3», 

= («'|l)®|i)-«-*|i>(»|l», » = 2,3,4, 



l 



|3)®|3>, |* 8 



(« 3 12> <8) |* — 2> — g-= |* ■ 
2 - |4) ® |4>. 



2)®|2)), i 



5,6, 



On the L-fold tensor product space V ®V ® ■ 
the local Hamiltonian by 



we denote R(u) jJ+1 = I®^-^®R(u 



(«) 



M=0 



We make the identifications: 

|1> = 10} 



|2) = c] a c] >T |0), |3>=c] it |0>, |4) = c]j0>. 



(8) 

^-j -1 ), and define 
(9) 

(10) 
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Then by (^|), fi) ([?]) and ([To]); and after tedious but straightforward manipulation, we get, up to an additive constant, 



<<%- . ^ (11) 

This identity also shows that the bulk part of H with H^ +1 as in (||), commutes with the generators _Ej = eij(i,j = 
1,2,3,4) of U q [gl(2\2)], since the E-matrix R(u) is U q [gl(2\2)] invariant. 
Now we propose the following nine classes of boundary conditions: 



Case (i) : Jf^oundary _ 2 s i n h7 J (1 —j — )nifm; — Tlx 



e 2 
2 sinh ^7 



^boundary = _ 2 | ^ £ — J^,^ - n L ) ] (12) 

2 sinh -5-7 
—7 

Case (ii) : ^boundary _ _2 smn -y I _ — _)_ — fllfJll^ 

2 sinh -=-7 

^boundary = 2 smn 7 [ _ TlL"\ + U L[ - n L] n Li | ; (13) 

2 sinh -5-7 

Case (hi) : H%° undaly = (m T + ra u - 2n 1T n u ) , 

sinh — g — 

^boundary = ^Tj— (™LT + ™£J. - 2?l LT n Li ) ; (14) 

sinh — 

Case (iv) : //-boundary _ 2sinli7 | (1 -j — Jnitmj. — ni | , 

2 sinh -^-7 

^boundary = 2 sm h >y [ ^ JT^ n L^ + «L1 ~ n L] n Ll ) J (15) 

2 sinh - J- 7 

— 7 

Case (v) : //boundary _ _2sinli7 I — - — ^77— nif + riij. - nifnij, | , 



2 sinh -9-7 



^boundary = _ 2sm ] 17 [ (1 ! _) niTnii - n L | ; (16) 

2 sinh -^7 



Case (vi) : //b° undar y _ 2sinli7 | (1 -p — Jnifmj, — ni j , 



e 2 
2 sinh -^7 



/// 



^boundary = _ £ Mnhj ^ + ^ _ g^^J . , j j , 

sinh — — 



2 

till 



Case (vii) : //b° undar y = _f ^ttP" ("it + n U - 2n n n u ) , 

sinh — ^~ 



^boundary = _ 2sm l 17 [ ^ f _) niTnii - n L | ; ! IN) 

2 sinh -^7 
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Case (viii) : H 



boundary 

It 



= — 2 sinh 7 



e 2 



2 sinh -9-7 



H 



boundary 
rt 



e 2 7 sinh 7 



sinh 



(19) 



Case (ix) 



H, 



boundary 
It 



H 



boundary 
rt 



e 2 7 gj nn <y 

jttj— (ni T + n u - 2ni T n u ) , 



sinh 



7£i J 



2 sinh 7 



e 2 7 



2 sinh -5-7 



(20) 



where are parameters describing boundary effects. As will be shown below, all nine classes of boundary 

conditions lead to integrable models. 

Quantum integrability of the system defined by Hamiltonian (|^) with any of the nine boundary conditions ( JT^ |2C| ) 
can be established as follows by means of the supersymmetric boundary QISM P,|l3|-|i"6[ . We first search for boundary 



AT-matrices which satisfy the graded reflection equations 16 1: 



1 22 1 

Ri2(ui - u 2 ) K- (wi)i?2i(ui + u 2 ) K- (u 2 ) =K- {u 2 )R\ 2 {ui + u 2 ) K~ (ui)R 2 i(ui - u 2 ), 

1 1 . 12 

Ru(~ui + u 2 ) K+ (ui) M 1 R 2 i(-u 1 - u 2 ) MK+ (u 2 ) 

12 1 1 

=MK+ (u 2 )R 12 {- Ul - u 2 ) M 1 K+ (ui)R 2 i(-Ui + u 2 ), 



(21) 



1 2 

where X= X <g> 1 and X= 1 ® X , for any matrix X G End(V). R(u) is the quantum i?-matrix of the g-deformed 
EKS model: R(u) = PR(u), with R(u) as in (||), and R 2 \(u) = P\ 2 Ri 2 {u)P\ 2 with P being the graded permutation 
operator. 

In order to describe integrable systems with boundary conditions different from periodic ones, we first solve the 
reflection equations for the two boundary iC-matrices K±(u). For our purpose, we only look for solutions where 
K±(u) are diagonal. After complicated algebraic manipulations, we find three different diagonal boundary i-C-matrices, 
KL{u), KL 1 ^), K 111 ^), which solve the first reflection equation in (Efl): 



and 



Kl{u) = 



K_ (u) 



(sinh 2 !-) 2 



7f_ 

(sinh — =— ) 2 



Ki"(u) = 



sinh 



7«i J 



(Al{u 


) 





^ 







Bi{u) 
















Cl{u) 







V 








ci(u)J 




( A H {u 








\ 





B n (u) 














B H {u) 





V 








C u {u) j 


A HI {u) 














A HI (u) 














Bl n {u) 














B IH {u) 



(22) 



(23) 



(24) 



where 



AL («) = sinh l[e - +U) sinh 7( ~" + e) . 



B^u) = (sinh 



4 



cL(u) 


7tl . , 7(C_ + u) . u l{-u + 

= e ' sinn smh 

2 2 




A H (u) 


= e--sinh 7(e - / + U) sinh 7 ^ 
2 


2 


B H (u) 


= (smh 2 ) , 




C u {u) 


7(£ // + w) 7(-w ^ 

= e 7 sinh sinh 

2 2 




A^{u) 


. . li-u + Z 1 - 11 ) 
= e 2 smh , 






^ . u 7(« + e") 
= smh . 





(25) 

As is shown in jl^Jl^], the i?-matrix (^|) satisfies the crossing- unitarity condition. The corresponding i^-matrices 
K+(u), K+(%i) and K+*[u) which obey the second reflection equation in (^l|) may be derived by isomorphism: 



K{{u) = MKL(-u), K^{u) = MK n (-u), 
where M is the so-called crossing matrix given by: 



KL n (u) = MK ul (-u) 



(26) 



M 



( 1 0^ 

e 27 

e 27 

\ 1 J 



(27) 



Therefore we may choose the boundary i^-matrices K+(u), (u) and K^ r (u) as 

KUu) = 



( A^u) \ 

B|(tt) 

C 7 (u) 

\ D{(u) J 



(28) 



and 



with 



K"{u) 



B^{u) 

\ 














(A»i( 



K{ u (u) = 



o £ 777 («) 



C{\u)J 







C 777 (u) 

L> 777 (w) / 



Bi(u) 
Ci(u) 
Di(u) 
A»(u) 



(sinh 



7(^-2 + ej) )2 



- 27 (sinh 7(M + 2 -^ ) ) 2 



e(- 2 -) 7 sinh ±Zl±m sinh 7( — 2 + ^. 



7(^-2 + eD s . nh 7(~" - 2 + CD 



^ i „,7( !i +i£) sinli 7(- + ^) 



e"" 7 sinh 
e 7 " sinh 



(29) 



(30) 
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(sinh 



= e ( - u)l sinh 



l(u + e i +) ginh 7(-" + ^+) 



a. . 7(" + 4 + Ci 77 ) 

e 2 sinh z — , 

2 

2^ . , 7(« + 4 - e( 7/ ) 

e 2 smn — . 



7(~+4> . , 7(-u + 4 + ^ /7 ) 
e 2 smn — . 



sinh 



7 (-u + 4 + e() 



(31) 



It can be checked explicitly that these K + matrices constitute solutions to the second reflection equation in (|21| 
We form the boundary transfer matrix t(u): 

t(u) =str[if + (w)T_(u)i^_(tt)TT 1 (-u)] ) T_(u) = R QL (u) ■ ■ ■ R 01 (u). 



(32) 



Since K±(u) can be taken as K±(u) or K±(u) or K^J 1 ^), respectively, we have nine possible choices of the boundary 
transfer matrices: 



t*(u 
t ix (u 



str[K[ (u)T- (u)KL {u)TZ 1 (-u)} , 
strlKl 1 {u)T-{u)K n ~ (ujTl 1 {-u)\, 
strlKl 11 (u)T^(u)K UI (u)Tr X (-u)], 
sir (u)T_ (w)Tr 1 (-«)] , 

sir^^T-^^^Tr^-u)], 
strliir^CujT-CuJiiri^Tr^-u)], 

^[^"(ujT-fuJlf^WTr^-ti)], 
str[ifi J (u)T_(u)Jf 7/J (tt)Tr 1 (-«)]. 



(33) 



which reflects the fact that the boundary conditions on the left end and on the right end of the open lattice chain 
are independent. Substituting these expressions into the boundary transfer matrix t(u), and after a lengthy but 
straightforward algebraic calculation, one finds 



t(u) = Cm + C 2 (H + const.)u 2 + 



(34) 



where Cj(i = 1,2, •••) are some scalar functions of the boundary constant £ + . Then it can be shown that up to 
some additive constant, the boundary Hamiltonians with the boundary conditions (|l2| |2p|) are related to the second 
derivative of the corresponding boundary transfer matrix pa] : 



where 



H = — 



q 



-H 1 



H 1 



t"(Q) 

4(V + 2W) 



1 



L-l l 

V H? M + - K'- (0) + 

^ 2 V ' 2{V + 2W) 



str K+ (0)G LQ 



+2 str K'+ (0)H* + str K+ (0) (H* } 



(35) 



V = str K' + (0), W = str Q i^K+ (Q)H* 



(36) 
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If we make the identification q — e 7 , we then see that the Hamiltonians (|l|) of the q-deformed EKS model corresponding 
to all nine boundary conditions can be determined from the above nine boundary transfer matrices, respectively. We 
thus arrive at the nine possible cases dT^-pOh, all of which are compatible with the bulk integrability. 
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